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Abstract. We study open-closed orbifold Gromov-Witten invariants of 3-dimensionaI Calabi-Yau smooth 
toric DM stacks with respect to Lagrangian branes of Aganagic-Vafa type. We prove an open mirror theorem 
for toric Calabi-Yau 3-orbifolds, which expresses generating functions of orbifold disk invariants in terms 
of Abel-Jacobi maps of the mirror curves. This generalizes a conjecture by Aganagic-Vafa and Aganagic- 
Klemm-Vafa, proved by the first and the second authors, on disk invariants of smooth toric Calabi-Yau 
3-folds. 



1. Introduction 

Open Gromov-Witten invariants of toric Calabi-Yau 3-folds have been studied extensively by both math- 
ematicians and physicists. They correspond to "A-model topological open string amplitudes" in the physics 
literature and can be interpreted as intersection numbers of certain moduli spaces of holomorphic maps 
from bordered Riemann surfaces to the 3-fold with boundaries in a Lagrangian submanifold. The physics 
prediction of these open Gromov-Witten invariants comes from string dualities: mirror symmetry relates 
the A-model topological string theory of a Calabi-Yau 3-fold X to the B-model topological string theory 
of the mirror Calabi-Yau 3- fold ; the large N duality relates the A-model topological string theory of 
Calabi-Yau 3-folds to the Chern-Simons theory on 3-manifolds. 

1.1. Open GW invariants of smooth toric CY 3-folds. Aganagic-Vafa [5] introduce a class of La- 
grangian submanifolds in smooth toric Calabi-Yau 3-folds, which are diffeomorphic to x R^. By mirror 
symmetry, Aganagic-Vafa and Aganagic-Klemm-Vafa [U |4] relate genus zero open GW invariants (disk in- 
variants) of a smooth toric Calabi-Yau 3-fold X relative to such a Lagrangian submanifold L to the classical 
Abel-Jacobi map of the mirror Calabi-Yau 3-fold A^, which can be further related to the Abel-Jacobi map 
to the mirror curve of X. This conjecture is proved in full generality in |27) . 

By the large N duality, Aganagic-Klemm-Marifio-Vafa propose the topological vertex 0, an algorithm 
of computing all genera generating functions Fp>^^-^ fihW of open Gromov-Witten invariants of {X,L) 
obtained by fixing a topological type of the map (determined by the degree /?' G -ff2(A, L;Z) and winding 
numbers /zi, . . . € i/i(L;Z) = Z) and summing over the genus of the domain. The algorithm of the 
topological vertex is proved in full generality in |49| . 

Bouchard-Klemm-Marino-Pasquetti propose the remodeling conjecture [7], an algorithm of constructing 
the B-niodel topological open string amplitudes in all genera of A^ following [47], using Eynard-Orantin's 
recursive relation from the theory of matrix models [25]. Combined with the mirror symmetry prediction, this 
gives an algorithm of computing generating functions Fg^hiQ, Xi , . . . , Xh) of open Gromov-Witten invariants 
of (A, L) obtained by fixing a topological type of the domain (determined by the genus g and number h of 
boundary circles) and summing over the topological types of the map. The remodeling conjecture is proved 
in full generality very recently [26; . 

1.2. Open GW invariants for toric CY 3-orbifolds. There have been attempts to generalize the above 
results to 3-dimensional Calabi-Yau smooth toric DM stacks. The closed GW theory of orbifolds has been 
studied for a long time. The physics literature dates back to early 1990s such as [TH UH], which study 
the quantum cohomology ring of orbifolds. The mathematical definition is given by Chen-Ruan [18] for 
symplectic orbifolds and by Abramovich-Graber-Vistoli [TJ [2] for Deligne-Mumford stacks. 
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A toric Calabi-Yau 3-orbifold is a 3-dimensional Calabi-Yau smooth toric DM stack with trivial generic 
stabihzer. The concept of Aganagic-Vafa branes can be extended to the setting of 3-dimensional Calabi- 
Yau smooth toric DM stacks. These branes are diffeomorphic to [{S^ x IR^)/G'] where G is a finite abelian 
group. The open Gromov-Witten invariants of 3-dimensional Calabi-Yau smooth toric DM stacks are defined 
via localization [53], generalizing the methods in [35]. By localization, open and closed Gromov-Witten 
invariants of a smooth toric Calabi-Yau 3-fold can be obtained by gluing the Gromov-Witten vertex, a 
generating function of open Gromov-Witten invariants of C'^ , which can be reduced to a generating function 
of certain cubic Hodge integrals [H]. Similarly, open and closed orbifold Gromov-Witten invariants of a 
3-dimensional Calabi-Yau smooth toric DM stack can be obtained by gluing the orbifold Gromov-Witten 
vertex, a generating function of open Gromov-Witten invariants of [C'^/G] (where G is a finite abelian 
group acting trivially on dzi A dz2 A dza), which can be reduced to a generating function of certain cubic 
abelian Hurwitz- Hodge integrals [53]. The Gromov-Witten vertex has been evaluated in the full 3-leg case 
[46l|49], but the orbifold Gromov-Witten vertex has only been evaluated in the 1-leg case for [C^/Z„] x C 
in [BTJinUISl], where C^/Z„ is the A„ surface singularity. 

As for mirror symmetry, a mirror theorem for disk invariants of [C^ /Z^] is proved in [10| . The remodeling 
conjecture is also expected to predict higher genus open Gromov-Witten invariants of toric Calabi-Yau 
3-orbifolds via mirror symmetry [7] [5] . 

1.3. Summary of results. In this paper we study open-closed orbifold Gromov-Witten invariants of a 
3-dimensional Calabi-Yau smooth toric DM stack X relative to a Aganagic-Vafa A-brane £, and prove a 
mirror theorem for disk invariants of arbitrary toric Calabi-Yau 3-orbifolds. Open Gromov-Witten invariants 
of the pair (A', £) count holomorphic maps from orbicurves to X with boundaries mapped to C. Morally, 
the moduli space of such maps are characterized by the following data: 

• topological type {g, h) of the domain orbicurve , where g is the genus and h is the number 
of boundary holes; 

• number of interior marked points n; 

• topological type of the map u : = U^^^-Ri) — > (<%','C) given by the degree /?' = e 
H2{X, C; Z) and each [u^{Ri)] e Hi{C; Z), collectively denoted by /2 = . . . , [u^{Rh)]); 

• framing / G Z of the Aganagic-Vafa A-brane £. 

We denote this moduli space by A^(g >C|/?', /I). If we use the evaluation maps ev^, z = 1, . . . ,n at 
interior points to pull back classes in H*^y^{X), we obtain open-closed Gromov-Witten invariants. More 
precisely, for any framed Aganagic-Vafa brane {C, f), where / £ Z there is a canonically associated orbidisk 
which passes through a torus fixed stacky point pa — BGa in X. Given 71, . . . , 7„ g Hl^^{X] Q), we de- 
fine open-closed orbifold Gromov-Witten invariant (71, . . . ,7n)g ^/ j- via localization using a circle action 
determined by the framing /; this is a rational number depending on / and can be viewed as an equivariant 
invariant. For each topological type (g, h) of the domain bordered Riemann surface, we define a generat- 
ing function F^jj^'^'^^ of open-closed Gromov-Witten invariants which takes value in H*^^{pcr\'C)®'^ , where 
i?*j.,^(po-; C) = ffifcgG^Clfc. In particular, the disk potential ^o^i^^ '^^ takes values in C). In case 

that C is an outer bran^H, we denote pL = (/x, fc) € iJi(£;Z) C Z x G^. The disk potential Fq{^^'-^^ is the 
following: 

l3',n>0{fi,k)eHi(C;Z) 

In this paper, we prove a mirror theorem regarding Fg { when X is a semi-projective toric Calabi-Yau 
3-orbifold. Mirror symmetry relates the topological A-model string theory to its mirror topological B-model 
string theory. When the A-model theory is a semi-projective toric Calabi-Yau 3-fold, its mirror is given by 
a Calabi-Yau hypersurface in x (C*)^ given by a equation uv = H{x, y, q), where (u, v, x, y) E x (C*)^ 
and q is the complex moduli parametrizing the B-model. The function H{x,y,q) is determined by both the 
combinatorial toric data of X and the framed brane (£,/). The affine curve H{x,y,q) = is called the 



We work with both inner and outer branes. See Section |3. II for the definition. 
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mirror curve. Let y = y{x, q) be the solved function from the mirror curve. The B-model disk potential 
WH,inst{x, q) is defined to be the power series part of the following Abel-Jacobi integral 

f dx 

/ logy{x, q) — = logarithm part + WH:mst{x, q). 

We define a C-linear function L'-''^ : H*^^{pa\ C) — >■ C, which sends each Ik [k e G^) to a root of unity, and 
prove a mirror theorem for the disk potential: 

Theorem 1.1. Under the open-closed mirror map r — T{q) and X — X{T,q), the complex valued function 

L^J(F^/^'f\T{q),X{x,q))) = WHMst{x,q). 

Remark. There are other open Gromov-Witten invariants relative to different types of Lagrangian subman- 
ifolds. Jake Solomon defines open Gromov-Witten invariants of a compact symplectic manifold relative to a 
Lagrangian submanifold which is the fixed locus of an anti-symplectic involution |55| . The mirror theorem 
for disk invariants for the quintic 3-fold relative to the real quintic is conjectured in |57| and proved in |51) . It 
has been generalized to compact Calabi-Yau 3-folds which are projective complete intersections [ 52] , where 
a mirror theorem for genus one open Gromov-Witten invariants (annulus invariants) is also proved. 

Open orbifold Gromov-Witten invariants of compact toric orbifolds with respect to Lagrangian torus fibers 
have recently been defined in [20 , which generalizes the work of [28) on compact toric manifolds. There are 
mirror theorems on disk invariants in this context (see |16| . |17j . and [15)). 

The rest of the paper is organized as follows. In Section 2 we review the necessary materials concerning 
toric DM stacks. In Section 3 we apply localizations to relate open-closed Gromov-Witten invariants and 
descendant Gromov-Witten invariants of 3-dimensional Calabi-Yau toric DM stacks. In Section 4 we prove 
a mirror theorem for orbifold disk invariants. 

Acknowledgments. The first author would like to thank Kwokwai Chan, Naichung Conan Leung and 
Yongbin Ruan for valuable discussions. The research of the first author is partially supported by NSF 
DMS-1206667. The research of the second author is partially supported by NSF DMS-1159416. 

2. Smooth Toric DM Stacks 

In this section, we follow the definitions in [37l Section 3.1], with slightly different notation. We work 
over C. 

2.1. Definition. Let be a finitely generated abelian group, and let A'r = N We have a short exact 

sequence of (additive) abelian groups: 

where Ator is the subgroup of torsion elements in N. Then Ator is a finite abelian group, and N ~ Z", where 
n ~ dimR A'r. The natural projection N ^ N is denoted 6 i— >■ &. A smooth toric DM stack is an extension 
of toric varieties [321 El • ^ smooth toric DM stack is given by the following data: 

• vectors bi, . . . ,br' G N . We require the subgroup (D^^iZbi is of finite index in A^. 

• a simplicial fan S in A'r such that the set of 1-cones is 

{pi,...,Pr'}, 

where pi = R>obi, i = 1, . . . , r'. 
The datum S = (S, (6i, . . . , 6^')) is the stacky fan in the sense of The vectors &i, . . . , 6^' may not generate 
A^. We choose additional vectors for'+i, ■ ■ ■ ,br such that bi, . . . ,br generate A^. There is a surjective group 
homomorphism 

0: 7V:=®[^iZ6, ^ A^, 
hi i~7> bi. 

Define L := Kcr((/)) = Z'^, where k := r — n. Then we have the following short exact sequence of finitely 
generated abelian groups: 

(1) o^lAa^a-^0. 
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Applying — (8)z C* to ([T]), we obtain an exact sequence of abelian groups: 



(2) 1 ^ A' ^ G ^ T ^ T ^ 1, 

where 

T 



G 
K 



= L®zc*^(c*)^ 



The action of T on itself extends to a T-action on C = SpecC[Zi, . . . , Zr]- G acts on C via the group 
homomorphism G — >■ T in ([2]), so A' C G acts on C trivially. 

With the above preparation, we are now ready define the smooth toric DM stack X. Let 

= {/ C {1, . . . , r} : ^ R>ob, is a cone of S} 
if I 

be the set of anti-cones. Given I £ A, let C'^ be the subvariety of C defined by the ideal in C[Zi, . . . , Zr] 
generated by {Z; | i e /}. Define the smooth toric DM stack X as the stack quotient 

X := [Ua/GI 

where 

X contains the DM torus T := [T/G] as a dense open subset, and the T-action on Uj: descends to a T-action 
on X. The smooth toric DM stack A" is a toric orbifold if the G-action on T is free. 

Remark 2.1. The purpose of introducing additional vector br'+i, br is to ensure G is a connected torus. 
The stacky fan S together with the extra vectors . . . , 6,. is an extended stacky Jan in the sense of Jiang 

[35]. It follows from the definition that {r' -I- 1, . . . , r} C / for any I £ A. An element of A is usually referred 
as an "anti-cone" . 

We introduce the following character lattices: 

M = Hom(Ar,Z) = Hom(T,C*), 
M = Hom(7V,Z) = HomCif,^), 
L"" = Hom(L,Z) = Hom(G,C*). 

Applying Hom(— ,Z) to ([T]), we obtain the following exact sequence of (additive) abelian groups: 

Q ^ M'^M't^^V ^ Ext^(7V, Z) 
Therefore, the group homomorphism 

-.M 

is surjective if and only if iVtor — 0. 

We now consider a class of examples of 3-dimensional Calabi-Yau smooth toric DM stacks of the form 
[C'^/Za]. Let lo = e be the generator of Z3. Given i, j, k g {0, 1, 2} such that i + j + k lE 3Z, we define 
^i,j,k to be the quotient stack of the following Za-action on C'^: 

W (Zi,Z2,Z3) = {uj'Zi,UJ^Z2,Uj''Z3). 

In the following example, we consider 

^1,1,1, -^1,2,0 = [CV^S] X C, ^-0,0,0 = X BZ3. 
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Example 2.2. (1) X = Xi^i^i. The toric data are given as follows. 

N = Z3, Ntor = 0; 
fei = (1,0,1), 62 = (0,1,1), 63 = (-1,-1,1), 64 = (0,0,1); 

r = 4,/ = 3,fc = 1; 

S = {the 3-cone spanned by {61, 62, ^3}, and its faces, and faces of faces, etc.}; 
^={/C{l,2,3,4}:4e/}; 
L ^ Z, ly ^Z; 



(0,1,1) 




(1,0,1) 



Op2{-3) (-1,-1,0) Xi,i,i 



Figure 1. and its crepant resolution £)p2(— 3) 

(2) X = Xi^2,o, transversal >l2-singularity. The toric data are given as follows. 

N = I?, TVtor = 0; 
61 = (1, 0, 1), 62 = (0, 3, 1), 63 = (0, 0, 1), 64 = (0, 1, 1), 65 = (0, 2, 1); 
r = 5, r' = 3, A; = 2; 

S = {the 3-cone spanned by {61, &2, ^3}, and its faces, and faces of faces, etc.}; 
^= {JC {1,2,3,4,5}: {4,5} C 7}; 
L = I?, V = I?. 



(0,3,1) 




Figure 2. A'1,2,0 and its (partial) crepant resolutions 
(3) X = Ab,o,o- The toric data is given as follows. 

iV = e Z3 A^tor = Z3; 

61 = (1, 0, 0, 0), 62 = (0, 1, 0, 0), 63 = (0, 0, 1, 0), 64 = (1, 0, 0, 1); 

r = 4,r' = 3,A; 1; 

S = {the 3-cone spanned by {61, 62, ^3}, and its faces, and faces of faces, etc.}; 
^={JC{1,2,3,4}:4G/}; 
L ^ Z, ^ Z. 



2.2. Equivariant line bundles and torus-invariant Cartier divisors. A character x e M gives a 
f-action on C'' x C by 

(tl, . . .,tr) ■ {Zi,. . . , Zr, u) = {hZi,. . . ,trZr, x(tl, . . . , tr)u), 

where 

(ti,...,^) e (C*)^ {Zi,...,Zr) gC, ugC. 

Therefore C x C can be viewed as the total space of a T-equivariant line bundle Ly^ over C. If 



i=l 

where ci, . . . , e Z, then 



where Di is the T-divisor in C defined by = 0. We have 

M^Picj(C'')^i/|(C'';Z), 

where the first isomorphism is given hy x and the second isomorphism is given by the T-equivariant 

first Chern class (ci);j. Define 

D'[ := (ci)^(Oc^(A)) e ifKCiZ) - ir^([C7G];Z). 
3 a Z-basis of 

commutative diagram 



Then {Dl,...,Dj} is a Z-basis of i/|(C'';Z) ^ M dual to the Z-basis {6i,...,6^} of N. We have a 



Pic^CCO PicT(«7^) PicrlA*) 



(ci)t 



(<:i)r 



if|(e;Z) //|(C/^;Z) ff|-(Af;Z), 

where is a surjective group homomorphism induced by the inclusion t : M- C, and 



i=r'+l 



Therefore, 



Let := if ^f - Then 



and 



Pier (A-) = H^X; Z) - M/ ZDJ 
Dj = 0, i = r' + l,...,r, 

r' 
i=l 

For i = 1, . . . ,r' , Dill C/4 is a T-divisor in C/^, and it descends to a T-divisor Vi'mX. We have 

Dj ={ci)T{Oxm), i = l,...,r'. 
For i = r' -h 1, . . . , r, fl C/^ is empty, so its the zero T-divisor. 



2.3. Line bundles and Cartier divisors. We have group isomorphisms 

where the first isomorphism is given by x e = Hom(G, C*) 1—5. L^, and the second isomorphism is given 
by the G-equivariant first Chern class (ci)g- We have a commutative diagram 

PicG(CO PicaiUA) Pic{X) 

(ci)g| '"''^I "'I 

Hl{U-]%) '* > H%{Ua;'Z) - ) H^{X;Z), 

where l* is a surjective group homomorphism induced by the inclusion l : Ua ^ C. The surjective map 
Hq{C^; Z) H^{X; Z) is the restriction of the Kirwan map 

K : H^iC-^Z) — > H*{X-Z). 

Define 

A := (ci)g(Oc'-(A)) e Hl{C'-;Z)=H\[C-/G];Z). 

Then 

r 

Ker(i*)= ZA. 

i— r' + l 

Therefore, 

Pic{X) ^ H^{X- Z) V / ZA. 

Recall that 

ii^ -.M 

is surjective if and only if A'tor = 0. Let 

A = ci(0;t(A)) e i/^lA-; Z), z = 1, . . . , r. 

The map 

{j}'^ : PicrlA") = H^X;Z) Pic{X) = H^{X;Z), 

given by 

is surjective if and only if iVtor = 0. In general, Coker(V'^) = Coker(-0^) is a finite abelian group. 

Pick a Z-basis {ei, . . . , tk] of L = Z*^, and let {e^, . . . , e^} be the dual Z-basis of L^. For each a £ 
{1, . . . , fc}, we define a charge vector 

by 

r 

^{ea)=Y.li.^^br, 
1=1 

where -0 : L — >■ Af is the inclusion map. Then 

k 

r{D^)=Y,li''^el, * = l,...,r, 

a=l 

and 

r 

^ZWfe, = 0o^(ea)=O, a = l,...,fc. 

i=l 

Example 2.3. We use the notation in Example 12.21 
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(1) A-^ A-i.ia. 

Di = D2 = D3 = 1, = -3; 

= (1,1,1,-3); 
PicriX) ^ Pic(A') ^ Z/3Z; 

(2) X — Xi,2,Q- 

Di = (0, 0), D2 = (0, 1), D3 = (1,0), = (-2, 1), = (1, -2); 
= (0,0,1,-2,1), = (0,1,0,1,-2); 
Picr(A') = Z^ Pic(A') = z7(Z(-2, 1) ® Z(l, -2)) = Z/3Z. 

(3) X = Ao,o,o- 

Di = 3, D2^ 0, Da =0, D4 = -3; 
= (3,0,0,-3); 
Picr(A') = Z^, Pic(A') = Z/3Z. 

2.4. Torus invariant subvarieties and their generic stabilizers. Let S((i) be the set of d-dimensional 
cones. For each a e S((i), define 

h^{ie{l,...,r}\ p, (^(7}eA, 

and define 

/; = {l,...,r}\/^. 

Then |/^| = d and 1/^1 = r — d. Let t^((T) C be the closed subvariety defined by the ideal of €.[Zi, . . . , Zr] 
generated by 

{Z, = I C a} = {Z, = I z e /;}. 

Then V(o') := [V{a)/G] is an (n — (i)-dinicnsional T-invariant closed subvariety of A" = [Ua/G]. 
The group homomorphism G = (C*)'' — > T = (C*)*" is given by 

9^ {Xii9),---,Xr{g)), 

where Xi ^ Hom(G, C*) = is given by 

Xi{ui,...,Uk) = [[Ua ■ 

a=l 

Let 

:= {g G G I 5 • z = z for all z e V{a)} = Q Ker(x^). 

Then Go- is the generic stabilizer of V(o'). It is a finite subgroup of G. If t C cr then C It, so Gt C Go-. 
There are two special cases: 

• Let {0} be the unique 0-dimensional cone. Then G{o} = K is the generic stabilizer of V({0}) — X. 

• If cr e S(r), then := V'(ct) is a T fixed point in X, and = BGc- 

Example 2.4. We use the notation in Example 12.21 Let a C = M.^^ denote the 3-dimensional cone 
spanned by 61,52,63. For j = 1,2,3, let tj denote the 2-dimcnsional cone in TVr spanned by {bi : i G 
{l,2,3}-{j}}. 



(1) x^ 


Xi,i,i- 


Ga 


= Z3 


Gti 


— 


= Gt-3 


= {1} 


(2) X = 


Xi.2,a- 


Ga 


= Z3 


= Gt3 


Gti 


= Gr2 


= {1} 


(3) 


Xo.o,Q- 


Ga 


= Z3 


= Gri 


= Gr2 


= Grs- 
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Define the set of flags in S to be 

F{T,) = {(r, a) G S(r - 1) x E(r) : r C a}. 

Given (t, cr) S FCE), let Ir V{t) be the 1-dimensional T-invariant subvariety of X. Then p^. is contained 
in Ir. There is a unique i e {1, . . . , r'} such that i G The representation of Go- on the tangent hne 

Tp^ir to It at the stacky point p^ is given by Xi|G„ : — C*. The image Xi(G'(T) C C* is a cychc subgroup 
of C*; we define the order of this group to be r(r, a). Then there is a short exact sequence of finite abelian 
groups: 

Gr ^ Gcr ^ Mr(T,a) 1> 

where jia is the group of o-th roots of unity. 

2.5. The extended nef cone and the extended Mori cone. In this paragraph, F = Q, M, or C. Given 
a finitely generated abelian group A with A/Ator — Z™, define Af = A (g)z IF = F"*. We have the following 
short exact sequences of vector spaces: 

Lf ^ iViF ^ iViF ^ 0, 

^- Mf Mf -s- 0. 
We also have the following isomorphisms of vector spaces over F: 

H'^{X-¥) = i72(X;F) =L^/®^^^,+iFA, 
H^X-¥) ^ H^{X-¥) ^ Mr I ©^,+1 ¥DJ , 

where X is the coarse moduli space of X. 

Prom now on, we assume all the maximal cones in S are n-dimensional, where n = dime X. Given a 
maximal cone cr € S(n), we define 

:=0ZA. 

Then is a sublattice of of finite index. We define the extended a-nef cone to be 

I^f^ = »>oA, 

which is a fc-dimensional cone in = M*^. The extended nef cone of the extended stacky fan (S, 6i, . . . , 6^) 
is 

creE(n) 

The extended a-Kdhler cone is defined to be the interior of Nefo-; the extended Kdhler cone of X, Cx, is 
defined to be the interior of the extended nef cone Nef x ■ 

Let ]K(j be the dual lattice of K^; it can be viewed as an additive subgroup of Lq: 

= {/3 e Lq I (D,/3) e Z e O, 

where (— , — ) is the natural pairing between Lq and Lq. Define 

K:= U K^. 

creE(n) 

Then K is a subset (which is not necessarily a subgroup) of Lq, and L C K. 

We define the extended a -Mori cone NEg. c Lr to be the dual cone of Nef^r C L^: 

NE<, = e Lm I {D,p) > V£) e Nrf<.}. 
It is a fc-dimensional cone in Lr. The extended Mori cone of the extended stacky fan (S, 6i, . . . , 6^) is 

NEx:= U NE,. 

creE(n) 
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Finally, we define 

Keff,^ := n NE<„ Keff :=KnNE(A') = |J Keff,,.- 

CTei;(n) 



Example 2.5. (1) X = Xx,x^x. 



¥^ = 3Z, ^cix = M<o; 



' ••••••• • • 

-2-10 1 2 

Figure 3. K^s of Xi^i^i and its crepant resolution Op2{—3) 

(2) = A'i^2,o- 

^ Z(-2, 1) e Z(l, -2), N5;t = K>o(-2, 1) + R>o(l, -2); 

K ^ Z(~| -1) 9 Z(-i -^), NE;, = IR>o(-| -1) + M>o(-i -^), 

Keff = Z>o(-|-i) +Z>o(-i -|). 




Figure 4. The secondary fan of the crepant resolution of Xi^2,o 



(3) X = Ao,o,o- 



1 



-Z, NEx 



3Z, Nef^r = IR<o; 

Keff = 



Assumption 2.6. From now on, we make the following assumptions on the toric orbifold X. 

(a) The coarse moduli space X-^ of X is semi-projective. 

(b) We may choose 6r'+i) ■ such that p := £>i H h -D^ is contained in the closure of the extended 

Kahler cone Cx- 
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(-1/2,0) (0,0) (1,0) 




Figure 5. Koff of Xi^2,o and its (partial) crepant resolutions 

Remark 2.7. (1) We make the above assumptions (a) and (b) so that the equivariant mirror theorem 
in [53] is applicable to X. 

(2) By [24l Proposition 14.4.1], is semi-projective if and only if is equal to the cone spanned 
by bi,...,br- For example, Opi{~3) © C'pi(l) is a smooth toric Calabi-Yau 3-fold which is not 
semi-projective: 



Figure 6. C'pi(-3) ® C'pi(l) 



(3) When A" is a Calabi-Yau smooth toric DM stack, Assumption (b) holds if its coarse moduli space 
Xy, has a toric crepant resolution of singularities; see [371 Remark 3.4]. By [211 Proposition 11.4.19], 
any 3-dimensional Gorenstein toric variety has a resolution of singularities (j) ■ ^S' ~^ such 
that <j) is projective and crepant. So Assumption 12.61 (b) holds for any 3-dimensional Calabi-Yau 
smooth toric DM stacks. 

2.6. Smooth toric DM stacks as symplectic quotients. Let Gh = U{1)'^ be the maximal compact 
subgroup of G = (C*)'''. Then the Lie algebra of Gr is Lr. Let 

k 
o=l 

be the moment map of the Hamiltonian GR-action on C, equipped with the Kahler form 

r 
i=l 
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Then 

r k 

i—l a—1 

If r = X]a=i ^a^a extended Kahler cone of A", then 

The real numbers ri, . . . , rj; are extended Kaler parameters. Let To — — Ta + V— l^a be complexified extended 
Kahler parameters of Af. 

2.7. The inertia stack and the Chen-Ruan orbifold cohomology. Given a € S, define 

Box(o-) := {v e N : V = abi, < a < 1}. 

Then TVtor C Box(cr) C N. If t C cr then 4 C so Box(t) C Box((7). 

Let a G 5](n) be a maximal cone in E. We have a short exact sequence of abelian groups 

KJL ^ Lr/L ^ Lr/K^ ^ 0, 

which can be identified with the following short exact sequence of multiplicative abelian groups 

1 ^ ^ Gr ^ (G/G,)r ^ 

where Gr — U{1)'' is the maximal compact subgroup of G = (C*)*^, and (G/Go-)r = J7(l)'^ is the maximal 
compact subgroup of G„ = (C*)*^. 

Given a real number x, we recall some standard notation: [x\ is the greatest integer less than or equal 
to X, \x] is the least integer greater or equal to x, and {x} = x — [x\ is the fractional part of x. Define 
v:K„^ Nhy 

r 
i=l 

Then 

W) = ^{-(A,/3)}&i, 

SO v{(3) e Box(a). Indeed, v induces a bijection K^fL = Box{a). 

For any t G T, there exists cr G S(n) such that t C a. The bijection Box((t) restricts to a bijection 

Gr ^ Box(r). 

Define 

Box(S) := y Box((t) = |J Box(a). 

Then A^tor C Box(S) C N. There is a bijection K/L -J> Box(S). 
Given v G Box(c7), where a G define Ci(v) G [0, 1) n Q by 

t) = ^ Ci{v)bi. 



Suppose that k G Ga corresponds to w G Box(cr) under the bijection Ga — Box(cr), then 

Xiik) 

Define 



1, i G la, 

g27rx/=Tc*(«) 



a.ge{k) = a.ge{v) = ^ Ci{v). 

HI a 

Let lU = {(z, k) G Uj( X G \ k- z = z}, and let G acts on 7f/ by h ■ {z, k) = {h- z, k). The inertia stack 
IX of X is defined to be the quotient stack 

IX := [lU/G]. 
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Note that (z = (Zi, . . . , Z^), fc) € C/ if and only if 

/c S (J G„ and Zi = whenever Xi(^) 7^ 1- 

So 

i;eBox(S) 

where 

f/„ := {(Zi, . . . , Z„) e (7^ : = if c^{v) ^ 0}. 
The connected components of IX are 

{A-^ := [UJG] : w € Box(S)}. 

The involution lU — ?> lU, {z, k) 1—^ (z, k^^) induces involutions inv : IX — IX and inv : Box(I]) — > Box(I]) 
such that inv(A'^) — Xi^^t^^y 

In the remainder of this subsection, we consider rational cohomology, and write H*{—) instead of H*{—; Q). 

The Chen-Ruan orbifold cohomology p3] is defined to be 

HUiX)^ H*{X,)[2age{v)]. 

i>6Box(S) 

Denote 1„ to be the unit in H*{Xy). Then 1„ e iyo^T*"^ l-^)- I" particular, 

Suppose that A" is a proper toric DM stack. Then the orbifold Poincare pairing on H*^.^^{X) is defined as 

(3) (a,/3) := / aUinv*(/3), 
We also have an equivariant pairing on H*^.^ ri'^)- 

(4) (a,/3)T j^^ aUinv*(/3), 
where 

JiXt 

is the equivariant pushforward to a point. When X is not proper, ([3]) is not defined, but we can still define 
via dH) an equivariant pairing H*^.^^j{X) (g) H*^^j{X) — > Qj, where Qt is the fractional field of the ring 
H*{BT). 

Example 2.8. (1) X = ^"1,1,1. 

N = Z^ Box(S) = {(0, 0, 0), (0, 0, 1), (0, 0, 2)}; 

= Ql(o,o.O), Hl^{X) = Q1(0,0,1), i?orb('^) = Ql(0,0,2). 

(2) X = ^-1,2.0. 

TV = Z3, Box(S) = {(0, 0, 0), (0, 2, 1), (0, 1, 1)}; 
H\{X) = Ql(o,o,o), Hl^{X) = Ql(o,2,i) ® Ql(o,i,i)- 

(3) X — Ao_o,o- 

A^^Z^eZg, Box(S) =iVtor = Z3 = {0,1,2}; 

iJ^o.jA-) =Qlo®QlieQl2. 

3. Open-Closed GW invariants 

From now on, we consider 3-dimensional Calabi-Yau smooth toric DM stacks. Then n = 3, T = (C*)"'' 
and T - {{h,h,t3) e (C*)3 I ^1^2*3 = Il- 
ls 



3.1. Agananic-Vafa A-branes. In [S], Aganagic-Vafa introduced a class of Lagrangian submanifolds of 
semi-projective smooth toric Calabi-Yau 3-folds. It is straightforward to generahze this construction to 
3-dimensional Calabi-Yau smooth toric DM stacks with semi-projective coarse moduli spaces. 

Let X — \]1^^{y)/Gm\ be a 3-dimensional Calabi-Yau smooth toric DM stack, where r e C{X) C L^. 
/I^^(r) is defined by 

fc-l-3 

Y,l'f^\X,? =ra, a = l,...,fc. 

i=l 

Write Xi — p^e^'^'^', where pi = \Xi\. An Aganagic-Vafa brane is a Lagrangian sub-orbifold of X of the 
form 

C = [L/Gr] 

where 

fc+3 fc+3 k+3 

L = {(Ai, . . . , A,) e p-\v) : ^7l^.l' = ci, ^ ff |A,|2 = C2, ^ 0. = const} 

2—1 i— 1 i— 1 

for some If € X^t^f = 0, a = 1,2. An Aganagic-Vafa brane intersects a unique 1-dimensional orbit 
closure :— V(r), r G S(2). Let Ir be the coarse moduli of ir- We say C is an inner (resp. outer) brane if 
= (resp. 4 = C). 

We next describe the first homology group of an Aganagic-Vafa brane. We pick a fixed point in ^t, 
so that (t, cr) G -F(S). Suppose that I'„ = {ii,i2,iz}- Then A'cr — [£.^/G„]. Let (ti,(t) = (t, cr), (T'2,cr) and 
(tsjCT) be three flags in the toric graph in the counter-clockwise direction, such that 

I'n = {i2,«3}, I'r^ = {«3,ii}, ^3 = {h,i2}- 

For j = 1,2,3, let Gj — Gr^ and let Sj — r{Tj,a). Then there are exact short sequences of finite abelian 
groups: 

1 ^ Gj ^ ^ /x,^ ^ 1, j = 1,2,3. 
By the Calabi-Yau condition, for any /c e G^-, 

Xii (fc)Xi2 ik)Xi3 (^) = 1. age(fc) € Z. 
There are canonical identifications 

(5) Ga ^ {v £ N : V ^ cib,^ + C2h^ + csb,^ £ Nq, < q < 1}, 

Gi ^ {v e N : V ^ C2bi2 + c-sks e Aq, < < 1}, 
G2 = {veN -.v^ ci\ + Cih, e Aq, < Ci < 1}, 
G3^{ve N -.1' = cibi^ + C2bi^ e Nq, 0<Ci< 1}. 

Then 

C = [LJG^] CX,^ [CVG.] C X. 
There is a Go--equivariant diffeomorphism L„ k C, where Go- acts on S*^ x C by 

k-{e^\u) = {x^Ak)e^\x^Mu). 

We have a commutative diagram 

Ga > La > C 

M.i > > S^/fis, 

where the columns are fibrations. So we have a commutative diagram 

> TTi{L,) > TTi{C) > 7ro(Go) > 

> > ^i(5VmJ > Mt^sJ > 

"^If the Ga-action on L is free, then £ is a smooth manifold diffeomorphic to X R^, so Hi{C; Z) = Z 
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where the rows are short exact sequences of abehan groups. The above diagram can be rewritten as: 

> Z > Hi{C;Z) > 

> Z > Z > Z,, > 

The group homomorphism tt x tTo- : Hi{C; Z) — > Z x is injective, and the image is 

{{dQ,k) e Z X : exp(2^V^^) = x^lik)}. 

Let Vr = {(Te i;(3) : (T,cr) £ F(S])}. If Vr = {cr} then define 

Hr^a = {(7r(7),^a(7)) : 7 e i?i(/:;Z)} C Z x 

If Vr — {a+,a-} then define 

Hr,a+,a. = {(^(7), 7^,+ (7), (7)) I 7 G Z)} C Z X G,^ X G^_ . 

Let Sc(2) = {r e 2(2) : \Vr \ = 2}. Then £ is an inner brane iff t e Sc(2). We may identify Hi{C;Z) with 
Hr.a (resp. Hr^a-^,a-) if ^ is an outer (resp. inner) brane. The identification gives a bijection i?r,cr+.(T_ ^ 
HT,a-,a+, (do,fc+,A:") (-do,fc~,A:+). 

3.2. Moduli spaces of stable maps to {X,£). Stable maps to orbifolds with Lagrangian boundary 
conditions and their moduh spaces have been introduced in [^Hl Section 2]. 

Let (S, xi, . . . , Xn) be a prestable bordered orbifold Riemann surface with n interior marked points in the 
sense of [201 Section 2]. Then the coarse moduli space (S, xi, . . . , Xn) is a prestable bordered Riemann surface 
with n interior marked points, defined in [311 Section 3.6] and |331 Section 3.2]. We define the topological 
type [g, h) of S to be the topological type of E (see O Section 3.2]). 

Let (E, dYj) be a prestable bordered orbifold Riemann surface of type (g, h), and let 9E ~ Ri\J ■ ■ - ^J Rh 
be union of connected component. Each connected component is a circle which contains no orbifold points. 
Let u : (E, i9E) {X, C) be a (bordered) stable map in the sense of 20, Section 2]. The topological type of 
u is given by the degree /?' = /*[E] G H2{X,C\Zj), and 

U^i^,k,) = U[R,] e Hi{C;Z) = Hr,a C Z X G,, if ^ - C, 

\{fi,,k+,kr) ^ f,[R,] e HiiC;Z) ^ Hr,a+,a^ cZxG,^ xG^_, if^^P^ 

We call fii winding numbers and ki,kf twistings. Given (3' G H2{X,C;Z) and 

' ((/ii, fci), • • ■ , (m/., kh)) e Hi{C- Zf if 4 - C, 

_ ((Ml, fcr), . . ■ , {^ih,k+, k^)) e HiiC; Zf if = Pi. 

let Ai {g .h) ,n{'^ ^ £ I /?', /i) be the moduli space of stable maps of type (5, h), degree /?', winding numbers and 
twisting /7, with n interior marked points. 

The tangent space and the obstruction space at 

C= [u: ((E,xi,...,x„),aE)-> (A-,/:)] eAl(g,„),„(A',/: I /3',/i) 

fit into the following exact sequence: 

^ Aut((E,a;i,...,x„),aE)^i7"(E,aE,M*TA',(w|as)*T/:)^7^i 

^ Def((E,xi,...,a;„),aE) ^ iJi(E, ^E, u*TA', (w|as)*T/:) ^ 

where Aut((E, xi, . . . , x„), 9E) (resp. Def((E, xi, . . . , x„), 9E)) is the space of infinitesimal automorphisms 
(resp. deformations) of the domain. When E is smooth, 

n 

Aut((E,a;i,...,a;„),aE) = iJ°(E, (9E, rE(- ^ a;^), T^E), 
Def((E,a:i,...,a;„),aE) = i?i(E, (9E, rE(- ^ .Tj), TSE). 
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There are evaluation maps (at interior marked points) 

evj : A^(g,fc),„(A', £ I /x) IX, j = l,...,n. 
Given v = {vi,. . . , w„), where vi,. . . ,Vn € Box(S), define 

n 

Then the virtual (real) dimension of Adg^X,/! \ /3',iT) is 

n 

2^(1 -agc(^;,)). 

where a,ge{vj) e {0, 1,2}. 

3.3. Torus action and equivariant invariants. Let TJj ^ C^(l)^ be the maximal compact subgroup of 
T' = (C*)^. Then the T^-action on X is holomorphic and preserves £, so it acts on the moduli spaces 
M^g,h)A^X I (3',il). Given 71, . . . ,7„ e i7{,^^JA';Q) = ff^^^^^JA', Q), we define 

nLi(ev*7i)|F 



[^1- eTi(A^r) 

where F c A1(g /j)_„(A', £ | /3',iT) is the T^-fixed points set of the Tjj-action on A^(g /j) „(A',£ | and 
Q^jj, — Q(wi,W2) is the fractional field of if^^ (point; Q) = Q[wi,W2]. 

3.4. Disk factor as equivariant open GW invariants. Suppose that jC is an inner brane. Let {d, fc_) € 
-ffr,CT+,o-_ C Z X X GcT-- Let 

sf = r(T, c7±). 

Suppose that 
Let 
Then 
Let 

Then Wi + W2 + W3 = 0. 



I'a^ = {il,i2,i3}, = {U,i3,i2}- 

w, = (ci)T'(0;t(I?i,))|p+, j = 1,2,3. 



Cl{Tp_^_lr) = Wl = Ci(i2)|p+ = W2, Ci(L3)|p_^ = W3, 

^1 

Cl{Tp_lr) = -, Ci(L2)|p+ = W2 - O2U, Ci(L3)|p_ =W3-a3U, 

Si 

where deg Li = e Q. 

The Lagrangian £ intersects Ir along a circle, which divides Ir into two orbi-disks D+ = [Z)/Z^+] and 
D- = [D/Z^-], where D = {z & C \ \z\ < 1}, and p± is the unique T fixed point in D±. Let 

b=[D+]€H2{X,C), aG[lr]eH2{X), a-beH2{X,£). 
Let {do, k~^,k~) e -ffT,CT+,<7_ , where do 7^ 0. Define 

j^.^ j^-s f Al(o,i),i(A', £ I do^ (c^o, k+, k-)), do > 0, 

' \a7(o,i),i(A',£ I -do(a-6),((io,A;+,A:-)), do < 0. 



virtual dimension of A4{do,k~^ ,k ) — 
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1 - age(fc+), do > 0, 
1 — age(fc~), do < 0. 



Define 

D{do,k+,k-) 



^k+)o,fob,{do,k+,k-)^ C?0 > 0, 



(^k-)o~do{a-b),{do,k+,k-)' ^0 ^■ 



Then D{do, fc+, fc~) is a rational function in Wi, W2, liomogeneous of degree age(fc+) — 1 (resp. age(fc_) — 1) 
if do > (resp. do <0). 

Similarly, when C is an outer brane, we define D{do, k) G Q(wi, W2), where do > and k e Ga- 
The disk factor is computed in [10] when Ga is cyclic, and in [53l Section 3.3] for general G^- In our 
notation, the formula in [53l Section 3.3] say^ 

iiL+Ci^[k)+Ci^{k)-l ^ 

do do\Ga\ IfiJ! 

(6) 



flWl\ago(/c)-l_}_ . Hq^l 



I in J+agc(fe)-l , 



do ' do\Gx\ [^J! 

where Ci(fc) e Q n [0, 1) is defined as in Section [^77l 

3.5. Disk factor as equivariant relative GW invariants. The disk factors D{do, k^ , k^) and D{do,k) 
are rational functions in wi,W2. In order to obtain a rational number, we specialize to a 1-dimensional 
subtorus of TJj determined by the framing of the Aganagic-Vafa A-brane £. When A" is a smooth toric 
Calabi-Yau 3-fold, the framing is an integer. In this section, we clarify the framing of an Aganagic-Vafa 
A-brane £ in a 3-dimensional Calabi-Yau smooth toric DM stack. We then reinterpret the disk factors 
D{do, fc^, fc~) and D{do, k) as equivariant relative Gromov-Witten invariants, which gives a canonical choice 
of the sign of the disk factor. 

Let C be an inner brane. Then there exists /+, e Z such that 

02 = degL2 = — — , as = degLa = — — . 

We call such a choice (/"'", /~) a framing of the Aganagic-Vafa brane £. Given a framing (/+, /~) of £, we 
degenerate to a nodal curve with two irreducible components [+ and such that the stabilizer of the 
node po is Gt- Over the coarse curves £r and i± of Ir and I±: 

• we degenerate L2 on to = C'(^) on ^+ and ~ 0{—^—^) on l^; 

• we degenerate L3 on It to L\ = 0(— ^ j'"'" ) on i?+ and — 0{^) on 

(ci)T'(iJ)po = W2 - / + Wi,= -(ci)T'(iJ)po 

We compute the disk factor D{do, k^ , k^) by computing genus zero relative stable maps to of ([-|_,p+) or 
More precisely, let = 0,1 C-i-j Poj (^o)) be the moduli space of relative stable maps u : {C,x,y) — >■ 
[+ such that u*po = doy, where (C, x, y) is a genus orbicurve with 2 marked points. Let it -.U ^ Mhe the 
universal curve and let u : Z-/ — >• T be the universal map to the universal target T. Let ev : 11+ be the 

evaluation map at the (stacky) point x. We define 

(lfc+)^do6fc+fc- = / ey*{l„^)ef.{-R'^,{u*L+®u*Lteu*L+®OR)). 

' ' ' J[A^o,i('+.Po,(do))]™ 

Let u : {C,x,y) — be relative stable map which represents a point in Ai. Suppose that u is fixed by 
the torus action. Recall that q : Gcr — > [0, 1) n Q is defined by Xi(fc) — exp{2n^/^Ci{k)). For j ~ 1, 2, 3, let 
e,=c,Ak+). Then ei = (^). 



''The disk function in |53l Section 3.3] and our disk factor are the same when k 0. When fc = 0, the disk function is 
( (no insertion), while the disk factor is (1)'*''- (one insertion of 1), so there is an additional factor of {^)''"-'° in the disk 

function in 53 i Section 3.3]. 
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chT'(7?°(C,M*L+)) = ^ 

0=0 

chT, {H^{C,u*L+)) = 
chj, {H°{C,u*L+®Oy)) = S^fao_^^^^^e' 

chf, {H^ {C, u* L+ ^Oy)) = 



chj, {H°{C,u*L+)) 



gW2 + (a-.2)^^ /+>0, 



-L^-^2j-i 



/+ <0, 
/+>0, 



E 

a=l 



^W2 + (a-e2)-^ f+ 



, /+<o 



chT'(if°(C,W*L + )) = 



chT'(iJ^(C,u*L+)) 












E 


^— wi— W2 + (a— 




1 (/++i)<io 




.0, 






'0, 








-(/+ + l)<i0 1 I 






E 


^— wi — W2 + (a— 



^, /+<o, 

/+>o, 
/+<o, 

^, /+>0. 



a=l 



+ 

g-wi-W2+(a-e3)-^j— 

.^_ (/++i)rfn _,3j 

di±±iMi+i_,3j 



"1 ( 4;" -e2>,° 



E 



-«'2+(e2-a)^ 



E 

a=l 



-wi-W2+(a-e3) \ 



a=^+e2+e3 



E 



-«'2 + («2-a)-Lj- 



*1 ( — qr^>>«2 



= L4j+age(fc+) 
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We have 



eT'(-«2 ) - L— JH— 1 — ; ' 

L^J+age(fc+)-l 



|Aut(/)| =rfo|Gi| 

Z)(do,fc+,fc-) = 



1 eT'(Br)eT'(B^) 



|Aut(/)|eT'(BJ^)eT'(Sr 



L^J+age(ft+)-l 



1 na=l (w2 + (a-e2)^) ^ r^-..l + L^J+age(fc+)-l 
2_.(_1) «i 



L^J+agc(fe+)-l 

^r^-^2l + L^J+age(fc+)-l^S + Wi^^^^(fc+)_l ^ 1 rial'l + " 



(-1) ^^r^ (- 



c^o ' c^olGil [*J! 

L^J+age(fe+)-l 



(^+a-e2) 



If rfo > 0, define 

£»(rfo,fc+,fc-; /+,/-) 

L^J+age(fc+)-l . 

^ ^ ^ rfo ^ 'dolGil [4J! 

Let 

Ci = Cji(fc ) = ( 3)) £2 = Cj2(A; ), = Ci^{k ). 

If do < 0, define 

D(do,fc+,fc-; /+,/-) 



L^J+agc(fe-)-l 



agc(fc )-l , 



L^J+age(fe-)-l _ 

io.(_/-_l)+4_{,,_/+ei} 5+wi , 1 na=i {-^-r^ - Ci^{k ) + O) 
_ _C_1'|sf / ' 2 L ^ J ■' / "^l "1 \age(fc )-l fi 

^ ^ ^ d<, ' '-dolGil [^J! 

where we use the identity 

{4-re;} = {-(e2-/+ei)}. 
If C is an outer brane, then the framing of C is an integer /. Define 

^L^J+age(fe)-l^.^^.^ _ , . . 

D{do,k-j) = -(-i)if(-/-)---{-M>(fi;i!i)a.e(.)-i . 1 , „7, ^--^'^+"\ 

do dolGil [^\] 
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3.6. Open-closed GW invariants and descendant GW invariants. For any torus fixed point of X, 
where cr G S(3), we have 

KrM = ^^o*rb,T'(P-) = QK>«2]l;i. 

The inclusion : ^ X induces 
Define 

We first assume that £ is an inner brane, let be the unique 1-dimensional orbit closure which intersects 
£, and let Vr = {a+,a-}. Let 

P = {{l^i,kt, K), • • • , if^h, kf^, k'f;)), 
where {iJj,kj' ,k~) £ -ffT,<7+,<7_ • Let J± = {j £ {l,...,h} : ±/Xj > 0}. Then there exists /3 £ H2{X) such 
that 

/3' = /3 + (5^M,)6+ 5^(-M,)(a-6). 

ie.7+ jeJ- 

Let {k^) be the cyclic subgroup generated by k^ , and let be the cardinality of {k^). Similarly, let rj be 
the cardinality of {k~). 
We have 

M^g,h)A^X I I3',flf = {Fr I r G G,,„(Af,£ | 

In the remaining part of this subsection, wc use the following abbreviations: 

M=Mg,n{X,C I /3',a/), M^Mg^n+h{^,P), 

M(Q.i)^i{X, £ I ^jb, {fij, fc+, kj)), j e J+ 

^M{o.i)^i{X,C I -fj.j{a-b),{fj.j,k+,kj)), j G J- 

e = Gg,„(A',£ I /3',a/), ^ = Gg,„+^(A',/3) 
X = (a^i, . . . ,a;„), y = (yi, . . . , j/?,). 

Given u : (E, x, dT,) — > (A", £) which represents a point ^ G M'^' , we have 

where C is an orbicurve of genus g, xi, . . . ,Xn G C, Dj = [{z G C | \z\ < 1}/Z^±], S and Dj intersect at 
Uj = BZ^± if j G J±. Let Uj = u\Dj and u = u\c- Then 

(1) For j = 1, . . . ,h, Uj : {Dj,dDj) {X, £) represents a point in A^J'. 

(2) u : (C,x, y) — )• X represents a point ^ G , and u(yj) = [p±, (fcj^)"^] G Ip± C IX if j G J±. 

Let = yj. Let Fr be the connected component of Al^ associated to the decorated graph F G ^, and 

let Fp be the connected component of associated to the decorated graph T' £ Q. Then for any T £ Q 
there exists T £ Q such that 

ev„+,(Ff ) = (p±, (kf)-^) G Xp± c JA" 
if is J±, and Fr can be identified with Fp up to a finite morphism. More precisely, 

IP ivir _ TT l^'^+l TT 1^"--! ip ivir 

r-+|AutK)| r7|AutK)| ^ 

= n ^ n ^[^'f]^'^- 
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Mj 



We have 



1 _ e-,,(D^-)or{B-'') 1 _ ef,{D-)c-y{B^) 

eT'(Afr) eT'(B2™)eT'(i3r)' e-,.{Nf^) eT'(4")eT'(Sf ) ^ 

where 



eT'(Br) = 6^(4""), 



For fc = 0, 1 and j = 1, . . . , /i, let 

H\D^) = H\D^,dDj,u*TX, {uj\oD,TTC). 
Then there is a long exact sequence 

h 

where {Tpj_X)''j denote the A;^-invariant part oiTp^X. Note that 



Then 



(nr=iev:7i)kr 



\l^j\\G^\D{fXj,k+,k-;f+,f- 



n ^ n ^^u{\H\\Gi\Dif,„k+,k-;f+,n) 

''i jeJ- '^3 f^3 j=i 

( nr=i ev*7i UjeJ+ ev:;+i<^a+,(fc+)-i UjeJ- e<+j<^a_,(fc-)-i) l^r 

(nr=i ev*7^ nje.7+ ev;+j<^a+,(fe+)-i Tljej^ ev;+j<^a_,(fe-)-0 If'r 
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where 



-(-1) 



^(-/+-l)-c.3(fc+)-{c,, (fc+)-/+c,, (fc+)} .s+ ^ .s + wi ^ageffc+^ 



nl|J--"*'-',/^-e..(..)+„, 



L*J! 



do > 0, 



D'{do,k+,k--J+J-)= { 



-(-1) 



L^J+age(fe-)-l 

(^-c,3(fc-) + a) 



/ "I "1 \a 

-do^ rfo ^ 



do < 0. 



Proposition 3.1 (framed inner brane). Suppose that {£,f~^,f ) is a framed inner brane, and 

ft = {{ni,kt,kY), . . . , ifih, k~)), 
where {iij,kj', k~) £ HT,a+,a- ■ Let J± = {j G {1, . . . , h} : ±iij > 0}. Then 



X,(CJ+.J-) _ 



\{D'{^x,,k+,k-■,f+,r) 



where 



Suppose that (£, /) is a framed outer brane, and (do, A:) G ff^.r C Z>o x G^. Define 



D'{do,k;f) = -(-l)l5'(-/-i)-«3(fe)-{«*2(fc)-/cn(fe)}£i(£i^ 

do do 



Proposition 3.2 (framed outer brane). Suppose that {jC, /) is a framed inner brane, and p = ((/xi, fci), . . . , {iJ,h, 
where {nj,kj) € -ffr.o-- Then 



3 = 1 



(nr=iev*7in?^iev;+,.^.,(fc,)-0 

n-=i^(^-vin+i) 



where 



3.7. Generating functions of open-closed GW invariants. Introduce variables {Xj \ j = 1, . . . ,h} and 

let 



T2 = ^ nui 



i=l 



where wi, . . . ,Um form a basis of H^^y^{X;Q). We choose T'-equivariant lifting of T2 as follows: for each 

Ui € i7^j.jj(A'; Q), wc choose the unique T'-equivariant lifting uj € H^^^^j,{X]Q) such that l^uJ = e 
-H'orb,T'(P<^;Q)> where l* : H^^y^ j,{X;Q) H^^^^ j,{p^;(Q) is induced by the inclusion map t„ : p„ ^ X. 
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If H is an outer brane, define 



(7) FY(T2,Q^Xl,...,^/.) 



j2 YiiQ'xjf^iik, 



(3',ri>0 (p.j,kj)£Hr,„ 

which is a function which takes values in H*^^{pcr \ C)®^ , where 



If C is an inner brane, define 



(8) 



E E 



2^ ''g,;3,(Ml.fc^,fc-),...,(Mh,fc+,fc-) 



je{i,...,/i} 



je{i,....h} 



which is a function which takes values in i/*j.,^(pcr+C)'^'*, where 

3.8. The equivariant J-function and the disk potential. Let be a homogeneous basis of 

orbl-^; 'Q)' ^iid {"'lili be its dual basis. Define 

N 

T = ^ = To + T2 + X>2 



where 

The J-function 

Then 
where 



imiSn] is a F^^,.i,(A')-valued function: 

1 ^ 



z — ih' 

l3>Q.n>0 i=l ^ 
fcSG, 



n! 

/3>0,n>0 i=l 



As a special case of Proposition 



(7i,---,7«)o,;3+dol>,(do,fc) = D\do,k;f) 



^ ' r/0,;3- 

Z — ip 

Si Wi / SiWi J, \ 



D\do, k; /)(!, 71, ■ • ■ , 7n, \ )o,/3; 

do ^ 

' E E ^(('^2)")o,^+doi,(do,'c) 

/3,n>0(do,fe)eif^,<, 

^ (Q''Xi)*D'(do,fc;/)jL(r2,^)l 

(cio,fc)e-H"x,^ 
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Proposition 3.3. Let X = Q^Xi. If (£, /) is a framed outer hrane, then 

s 

To — 

do 



// (£, /"*", /~) is a framed inner hrane, then 

^ XdoD'^do,k+,k--J+,f-)jit,Ar2r^)lk+ 

ido,k+,k-)eH-r,^^,^_ ,do>0 

+ X'^oQ-do^D^^do, k--J+J-)ji: (r^, ^) • 4 

— ' Ctn Si 

4. Mirror symmetry for the disk amplitudes 

4.1. The equivariant /-function and the equivariant mirror theorem. Wc choose a,pi,...,pk G 
n Cx such that 

• {pi, . . . ,pk} is a Q-basis of Lq. 

• {pi, . . . ,pk'} is a Q-basis of H'^{X; Q), and = for fc' + 1 < g < A:. 

Let (7g, (7i, . . . , gfc be k formal variables, and define q^^ — qf^'^^^ ' ' ' Ik''"^^ '^'-'^ /3 G K. The equivariant 
/-function is an H*^^ .^(A')-valued power series defined as follows [57| : 



/3eK„ff j= 



n™=o(A^ + ((A,/3)-m)z) 

A Y{Z=\(D,.f^)^{{Di^P) -^n^)^' 

where = na=i (la"'^^ ■ Note that {pa,P) > for /3 G Kcff. The equivariant /-function can be rewritten as 
l{qo,q,z) - e - 2^ ,(p,m+ago(i,{/3)) 11- 



/3eK,ff »=i n™=o(^ + (A,/3) - m) 



where p = /?! H h A- G C^r- 

Suppose that A" is Calabi-Yau, so that age(i;) is an integer for any v G Box(S). Then 

■^OTb,r('^) ^ ■^orb.r('^) ® -f^orb,r('^)- 
Let Q = Q(ui, U2, U3) be the fractional field of //f (point; Q) = //^(point; Q). 

V£NtaT 

k' 

Hl^^r{X;Q) = 00 QPaU® Ql. 

1=1 v£Nt„ t)gBox(S) 
agc(D) = l 

From now on, we further assume that A^tor = 0, or equivalently, X has trivial generic stabilizer. In this case, 
we may assume that p — 0, and 

{v G Box(S) : age(w) = 1} = {K'+i, • ■ • , K}. 
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Then 

k' r 
0=1 a=r' + l 

We choose Pa such that L*Pa = 

n^^r(^.,/3)i((A,/3)-m) ^ 

n™=o((A,^)-m) 

For i = 1, . . . , r, we will define fij C — {0}. and Ai{q) supported on Oj. 
We observe that, if /3 e and v{j3) = then (Dj, /3) e Z for i = 1, . . . , r. 

• For i = 1, . . . , r', let 

a = {/3 e Keff : = 0, (A,/3) < and (£>,•, ^) > for j e {1, . . . ,r} - {i}} • 
Then c {(3 & Keff : v(/3) = 0, /3 7^ 0}. We define 

• For i = r' + 1, . . . , r, let 

:= e Keff : = hi, {Dj,l3) ^ Z<o for j = 1, . . . , r}, 

and define 

Let a be the smallest cone containing bi. Then 
where Cj{bi) G (0, 1) and J2jei' ^ii^i) — ^- There exists a unique e Lq such that 



Then 



1, j = i, 

-Cjih), 

0, j&Ia- {i}- 



Ai{l) = 9^* + higher order terms 

^ k' t' r 

I{q'o,q,z) = l + -{logq'ol + J2log{qM + Y,MQ)DT+ Mdn^) + o{z-^). 

a=l i=l i=r'+l 

For i = 1, . . . , r', 

k' 



0=1 

where h G H'\BT-q). Let Sa{q) := Elli Then 

^ r' k' r 

I{(/o,q,z) = 1 + -((log?^, + Y,^iMQ)n + E(l0S(9«) + Saiqml + ^ Ai{q)lt„) + o{z-^). 



a=l i=r'+l 
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Recall that the equivariant small J-function for X is 

N 



u 



IX-;- ; 7/0,3 
/3>0,r!>0 4=1 ^ 

where {uij^^i is a iJ*(OT)-basis oiH:^{X;Q) and {w'lili is the dual basis. Mirror theorem [30 113111411 142] 
relates the small J-function 

J{ro +T2,z) = J(to1 + T2,z) = J(x2,z) 

to the /-function up to a mirror transform. A mirror theorem for toric orbifolds will be proved in [23 . One 
version of that orbifold mirror theorem is stated in |37i Conjecture 4.3]. We cite its equivariant version as 
the following mirror theorem. 

Conjecture 4.1. If the toric orbifold X satisfies Assumption \2.6l then 

TQ (Qq ,q) 

e ^ J(T2(g),z) = I{q'Q,q,z), 

where the equivariant closed mirror map (gg, q) To(qo, <z)l + ''"2('?) *s determined by the first-order term in 
the asymptotic expansion of the I -function 

More explicitly, the equivariant closed mirror map is given by 

r' 

To = log(q;,) +^ AjAj((7), 

i=l 

{\og{qa) + Sa{q), l<a<fc', 
\Aa-k'+r'{q), fc'-fl<a<fc. ■ 



Example 4.2. X = A'i., fc, fc' = 0. 



^r^lw., I e {1,2,3}, 
10, i > 3. 



(1) X = A-i,!,!, fc = 1, pi = ~3, Kefi' - iZ<0. 



% (3a + 1)! V r(i) 

3 -1 J 

= l + i((log9^,)l + A4(9)l^) +o(z-i) 

Let r = The closed mirror map r = tqI + ril^^ is given by 

To log^o, 
Ti = A^iq) = qi + 0{r^) 
(2) X = ^-1,2,0, A: = 2, pi = (-2, 1), ps = (1, -2), Keff = Z>o(-|, -i) ® Z>o(-i, -|), 
^1(9) =^2(9) = A3 (q) = 



^4(9) = E 



91^92^ 



2cii+c!2e2+3Z 



A,{q)^ Y: qt^r^^ U 3 )U 3 ) 



^1!^^! r(i)r(|) 

2di+rf2 = l+3Z 
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gi'g2' TT ( 2di + d2 . . 

-1 



n(w2 - (-!— + m)z)l di+2d2 



1 + log<7[,l + A4(g)la. + A5{q)1^2 ] + o{z ^) 



Let r = Vigip + |g2p- The closed mirror map r = tqI + ti1^ + T2l(^2 is given by 

To = log(7o) 

ri = ^4(9) =qi+0(r2), 

T2 = ^5(9) =q2 + 0(r-^). 

4.2. The pullback of the disk potential under the mirror map. By Proposition 13.31 if ('C, /) is a 
framed outer brane, then 

<l^^'^^(T2,g^Xl) J2 ^*i^'(do,fc;/)jf,,(T2,^)U. 

Let F^''^^'-f\q,X) be the pullback of ^;f/^'^^(T2, g\ Xi) under the closed mirror map. 
By Proposition 13. 31 if (£, /+, /^) is a framed inner brane, then 



X'^-D'ido, k+,k--J+, rVil fe+(r2, 

'—^ ' On 

{do,k+ ,k-)eH^^^^^^_ ,do>0 



— lfc+- 



Let F'^''^'-'^ '•'^ be the pullback of Fq '(x2, Q'', Xi) under the closed mirror map. 



Given cr e S(3), k e G^, and / G Z, define ^(g, by 



fc- 

fceG„ 

Since a toric Calabi-Yau orbifold satisfies the weak Fano condition, by the equivariant mirror theorem 
f Conjecture 14.11) . we may write F''^ '^^'f\q, X) in terms of I^i^{q,z), and write F'^ '^'-''^^ 'f \q,X) in terms 

°f ^il,k+ 2) and _ ((J, z). 

Theorem 4.3. // (£, /) is a framed outer brane, then 

(9) F-^i^^fHq,X)= Y: X'"D'ido,tJ)e=^li,iq,'-^)U 

If (£, /~) is a framed inner brane, then 



— dQTQ(g) -|- 

Y: X^"D'{do, k\ k--f\ f-)er^C^,, {q, ^)1 



do 
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4.2.1. A framed outer brane {C,f). Let {C, f) be a framed outer brane. Let l^- be the unique l-dimcnsional 
orbit closure intersecting C, and let pa- be the unique torus fixed (stacky) point in [7.. Recall that 

1^ = {ie {1, . . . ,r'} : C o-} = {ii,«2, is}, la = {I, ■ ■ ■ ,r} \ l'^, 
/; = {^ e {1, . . . , r'} : C r} - {^2, ^3}, = {1, . . . , r} \ 

Keff,^ = {/3 e Lq : (A, /?> e Z>o for i e h} 

-do. 



Let b 
define 

(10) 

Recall that l'^pJ = 0, so 



Hr.a = {(do, fc) e Z X : exp(2^V^^) = x^^ (fc)}- 

Sl 

DJ e i?|-(p^; Q) = H'^iBT; Q) for 1 < i < /, and let b, = for r' + 1 < i < r. For ;3 e 



do ^ 



With the above notation, we can rewrite F^^^^^f\q,X) as 

F^'(^'f){q,X)^ E J2 x''»q^D\do,kJ)lf{a,l3)lk 

(<io,fe)effx,<T /3eKoft,a,-u(/3)=fe 

where lf{a,P) = /(cr,^)|w2=/wi,w3=-(/+i)wi, and 

dog (Jo - To(g)s 



X exp (- 



SlWi 



is the B-brane moduli parameter. Recall that 

k' k k' r' r 



a— 1 a— /c' + l a— 1 

We pull back the above identity under , and recall that 



i=l 



i—r'-\-l 



W2=/wi,W3=(-/-l)wi 



;(0) 



we get 



i=l 

So the open mirror map is given by 

(11) logX = logx+l^;f)A,(q). 

We define {W^!^ '^^'^\q, x)}^^-BoK{a) by 



Then 
(12) 



Following 



W,^'(^'/)(g,x)= Y E ^''°q^D'{do,vJ)lH'^,f3) 

{^}=ci^(v) v{/3)=v 

we define extended charge vectors 

{t^} 

. 1 ... / ... -/-I ... 1 -1 
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where a — 0, ... ,k, and the last row is an additional vector l^^^^ containing the phase and the framing of the 
A-brane C. Given /3 = {do,/3) e Z x K^, define the extended or open sector pairing to be 

-51 

Notice in this particular notation we allow i — r + l,r + 2 since the corresponding /I"' exist, although Di 
are not actual divisors. 

Recall that {Di : i e !„} is a Q-basis of Lq = Q*^ and a Z-basis of Kcr = Z''". Let {pa}a=i,...,k — {Di}i£i^, 
and let {ea}a=i,...,k be the dual Q-basis of Lq, so that {pa,eb) = Sab- Then {ea}a=i,....k is a Z-basis of 
K„ ^ Z'^-, and ' ' 



Given any {do, & Z x K^, define 



With the above notation, we have: 
Theorem 4.4. 



a=0 



(13) 



where 



/3=(do,/3)eK„ff(Ar,£) 



Keff (A-, £) = {/3 = (do, /?) G Z>o X Keff^. : (Ai , /3) € Z>o} 



/3=(<io,/3) 



Proof. To simplify the calculations, we introduce the symbol for any two numbers a and b with a — h ^ 

_ nSo(a- «) 



n::o(&-o' 



It has the following properties 



a 




b 




a 




a 


b 




c 




c 




b 



-6 



-5-1 
-a - 1 



Let /? = (do, 13), and let = (v) for j = 1, 2, 3. By (|T2l), 



{ill}=ei vi0)=v 



where 



D'{do,v;f) 



-(-1) 



do 



C-/-l)-e3-{e2-/€i}: 



.1 Arwr\— - nli^"'^"^^"""\ff/ 



do V d,a 



(-1) 



do 



(-/-l)-e3-{e2-/ei}£i 



/ \ ei+e2+e3 







/ SlWl \ 




V do ) 


* _ g 
L si J- J 





(/+l)rfo 

SI 

/do 



£3-1 



- £2 
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Given any /3 € K,s,„ we have [(A,,/?)! - ej = {Di.,p) for j = 1,2,3, and \{Di,p)] = (A,/?) for 
By straightforward calculation. 



^ d ' 



iG/,, lla=-oo lla=-oo {j; - + O-) 

nL-oo(/ff - ^2 + a) nL-oo((-i - - ^3 + a) 



XlTX'^^ (/ff - e2 + a) niL''-:?^'^^ ((-1 - - ^3 + a) 



do 



(-/-l)rfo 
(-/-l)do 

•Si 



£3 



n 





(A,/3) 



where 



-(-1) 



{^}=ei f(/3)=f 



^(-/-l)-{e2-/ei}+{r>i3,;3> 



-(As,^)^-! 
(A.,/3) 



n 



^' 
,(A,/3). 



Note that ^-'^^'^^ = if (A,/5) < for some i G so 



/3=(do,/3)eKeff(Ar,£) 
i;(/3)=-u 



where 



,(^./) _ -(-i)^(-/-i)-{^..w-/^nW}+(^.3./3) r(-(A3,/3)) 



do 



r((A„/3) + i) 



Example 4.5. A" = j fc, the open mirror map is given by a; = X. 

(1) X = A*!^!^!, {ii,i2,h) = (1)2,3), si = 3. The extended charge vectors are 

11 1 -3 
1 / -/-I 1-1 

,k>o f-rfiK^)! r(M^ + i)-^ 



do — diG3Z 



(2) = Ab,i,2, {ii, 12,13) = (1,2,3), si = 1. The extended charge vectors are 

1 -2100 

1 1-200 

1 / -/-I 1-1 

F^'(^'^^(gi,92,x) 
V d. d. -(-i)^-^-^^'^°+^^J r((/ + i)rfo + M±^) 
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Oo 

di,d26Z>o 



(3) X = Ao,i,2, {hjhjia} = (2,3, 1). si = 3. The extended charge vectors 

1-2100 
10 1-200 
-/-I 1 / 1-1 



are 



!ii,d2GZ>o 
do-di-2d2G3Z 

(4) A" = Ao,i,2, (ii,«2,i3) = (3, 1,2). si = 3. The extended charge vectors are 

1-2100 
1 1-200 
/ -/-I 1 1-1 



{f + l)do - 



V x^a'^'a''^^^ - ___.il 1 l 

do&o t • (^^-^)! • d,w. + 1) 

di,d2£Z>o 
do-2di-d2e3Z 



4.2.2. A framed inner brane. 
Theorem 4.6. 

(14) 



/3=(<io,/3)eKett(Ar,£) 



where 



Keff (Af, £) = {/3 = (do, /3) e (Z - {0}) X K^s ■■ {Di,p) e Z>o for i e 7^} 



.X,iC,f) _ .7T-(-/+-l)-['^*2('')-/cn('')}+<Oi3./3>Si_ 
?=(d./3) - do 



n 



^ 
.(A,/9). 



Proof. 
where 



W;^'(^'/)(g, a;) =/++/_, 
= E E -a.*/(-l)t^-^^-'^-^"-^"^+<''-'''>£l 



' (/+ + l)do 

— rr — 



(A3,/3)-l 



4^ + (A2,- 


















n 

/-{n,j2,i3,i4} 





(A,/3) 



7_ = 


E E 






a 

<- 


:4a)=ei i,(/3-doa) = 


I? 
















-i^ + (A.,/3) 

1 




.(A,,/3). 



do 



-(/' + l)do 



-(A2,/3) 
^^ + (A3,/3) 



11 (A,/3) 

/-i»l,22,«3,«4} 
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We have 



1 /+ f- 

{Di^,a)^—, {D,^,a) = — - — 



f- /^ 
(As,") = '— 



and {Di, a) — for i ^ I — {zq, ii, is, i^}. So for /3 g IKoff^o 



(Ai,/3) = (Ai,/3-do«) + 4 



+ (A3,/3) 



(/+ + l)do 



(A3 , /3 - daa) 



^ + (A4,/5) = (A4,/5-doa) 



So 



E E 

(^>=eii'(/3-<io")=-i' 



+ (Ai , P - doa) 



'(-1) 







^^-(A.,/3-rfoa)-l 



-(/++i)rfQ 



(A4,/3-c«a> 



n 

-f-{n,«2,«3>«4} 







(A,/3-do«) 



E E ^ 



(^^-(A3,/3-rfoa)- 
i> + (A.,/3-rfoa> 





^ + (Ai,/3-doa) 



{Di^,l3 - doa) 



n 

-f-{4l,42,'i3,'U} 



(A,/3-rfoa>, 



□ 



4.3. The B-model and the mirror curve. The mirror B-model to the toric Calabi-Yau threefold X is 
another non-compact Calabi-Yau hypersurface y C x (C*)^, constructed as the Hori-Vafa mirror [35]. It 
contains a distinguished mirror curve C C {(0, 0)} x (C*)^. We simply state the relevant results in the most 
elementary way, and refer to [5l |4] for the mirror prediction of the disk amplitudes from Y. 

4.3.1. Mirror curve and the prepotential. The mirror curve C is given by the following equations 

xi + ■ ■ ■ + Xr = 0, 



= (Ja, a = 1, • ■ . 



After a change of variable 



i=l 



and writing other Xi in terms of x, y, we arrive at an equation 
(15) F{y,qo,qi,...,qk) = Q, 

which prescribes an curve in (C*)^. This is called the mirror curve C to the Calabi-Yau three orbifold X 
and the Aganagic-Vafa brane (£, /). We denote go = 2;"^ . 

The definition Kcff.g. — {[3 ^ Lq : {Di,P) £ Z>o for i e la} prompts us to identify Kcfr.cr = Z>oe'^. 
We choose {pala^i = {-Dj}jG/„ such that {pa,e'') = Sab- In particular, we denote i{a) E with pa = A(a)- 
We set po — Di^ and i[Q) = ii. 
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Let {pab)o<a,b<k = {ifll)), and {pab)i<a,b<k = QIII))- Then we have 

Poo = l, PaO = 0, Pob = lil\ Pab=Pab, when a, 6 € {1, . . . , fc}. 

Let (p"'')o<o,6<fe be the inverse matrix of {pab)o<a,b<k, and (p"'')i<o,6<fe be the inverse matrix of (po6)i<a,6<fe- 
Then 



pOO = l^ paO^Q^ p06^_^^(ay6^_^£,.^ g6^^ pab ^ ^ab ^ when a, 6 € {1, . . . , fc}. 

a=l 

Define e'> = {sip°\e'>). Then {pa,e'>} = 6ab- Let 

fe 

©eff = 0Z>oe«. 

a=0 

It is obvious that Keff = e ©eff : d 0}. Define 

(16) g„ := JJ , a = 0, . . . , fc; g^^ := J]^ g^' , a = 1, . . . , fc; 

90 = 30 = 90 = a;* 



6=0 6=1 



Then 



We have 



6=1 



rc' 

^is' ^is' 11 = 9a, a=: 



Let {yo,yi, • • • ,2/fe} = {a;i}ie/,, aij^ = y, Xi^ = 1. Then 

k 



So 



Let 



6=0 

k 
6=0 

k 

«a = -E4V", a = 0,...,fc. 



Then cq = —f, 



6=0 



A; 

/(b) 7(b) ^3o 



6=1 

= /(Ai,e'^)- (A.,e'^), a = l,...,fc. 
The framed mirror curve equation, in terms of y and new variables qo, . . . ,qk is 

(17) iJ(2/,go,.-.,gfc) =0, 

where 

k k k 

H{y, qo, . . . , qk) = 1 + y + ^ya = i + y + ^ qay"'' = l + y + ^ qay" 

a=0 a=0 a=0 

We call this -ff (y, §0, • • • > 9fe) normalized curve equation. So 

— (y,go,---,4) = 1 + E^«^°^'°~^- 

^ a=0 
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Write q — {qo, . . . ,qk)- Choose a branch of logy near y = — 1 such that log(— 1) = in. Then H{y,q) is 
holomorphic near y = —1, q — 0, and 

f) FT 

i/(-l,0,...,0) = 0, _(-l,0,...,0) = 1^0. 
dy 

By imphcit function theorem, there exists a holomorphic function h{qo, . . . ,qk) defined in an open neighbor- 
hood of g = 0, such that y{0, . . . , 0) = — 1 and H{y{q), q) = 0. We conclude: 

Lemma 4.7. The implicit function y{qo, . . . , qk) is a power series in qo, . . . , q^ with constant term —1, and 
logy is a power series in qo, - ■ ■ ,qk with constant term iir. 

If we write y as a Laurent series in qo,qi, ■ ■ ■ ,qk,^ the B-model prepotential Wh is simply given as an 
anti-derivative: 

Wh= f ]2iy(^l3lllll2^dqo. 

J qo 

The Laurent series Wh is decomposed as 

Wh = f{qi, ■ ■ . ,(7fc)logqo + WH,inst{x,qi, ■ . ■,qk)- 
The instanton part Wh ;inst is a Laurent series in x,qi, . . . ,qk, with no degree term in x. 

Let Wv '{x,qi,. . . ,qk)he the pullback of the disk potential ^(qi) « ('3' sector v G Box(ct) under 

the open-closed mirror map. Define a character 

X^-^ : Box(cr) = G,, -> v e^r.V^{c,,{v)~fc^,{v)) ^ 

Define 



l^^>(^'/)(x,gi,...,<Zfe):- W^^^^^f\x,q,,...,qk)^x''^f{v), 

^'GBox(cT) 

where x^^f {v) — e'^^/~^'^'^'2(")-/'=»i('')) The mirror conjecture for disk amplitudes, proposed in [5l|4], is the 
following. 

Conjecture 4.8 (Aganagic-Vafa, Aganagic-Klemm-Vafa) . The pullback of the B-model prepotential W'^ ''''-''^\x^ qi, . . . , qk) 
of the disk potential Fq ^ {Q,X) under the open-closed mirror map is equal to the instanton part of the 
B-model super potential: 

W^'^^'^\x,qi,...,qk) = WH.instix,qi,...,qk). 

Remark 4.9. If A' is a smooth variety, then xo = 1, where w = is the only element in Box(cr). We get 
back to the original form of the conjecture in [5j|4]. 

4.4. Open mirror theorem for disk amplitudes. The solution v to the exponential polynomial equation 

sie ^ ^ S2e +---+Sfce* — e -1-1 = 0, 
around si = • • • = = 0, w = is in the following power series form (see Appendix El for a proof) 



(18) ^= E 

ni ,...,nfc=0 
("l,---,nfc)#0 



(nm -I- . . . rkUk - 1)(„,+... +„,-!) 



Here we adopt the Pochhammer symbol 

[a[a-\)■■■[a-n^'\), n > 0; 

I (a+l)...(a-n) ' ^ 

where a g C and n G Z. Starting from this simple observation, we prove Conjecture 14.81 in this section. 
The mirror curve goi ■ • ■ i 9fc) is 

k 

a=0 



After a change of variables l|16p . negative powers may appear. 
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After a change of variable y — —y' and qa = (—1) "^"^l, it becomes 

fe 

l-y' + Y.q'J'-^O. 

a=0 

For (3 € Ka- and /? = (^Oi /?) G Z x IKo-, recall the definition of power notations 

a=l a—1 



Hence 



a=0 a=0 



log?/ = 2^ J- J- Qo ---Qk 

tio,...,cifc=0 
(!io,...,dfc)5^0 



It follows that 



i,...,g„)loggo 



We conclude that 

Lemma 4.10. 

(19) 



In Theorems 14.41 and 14.61 the pulled-back disk amplitude 



/3=(do,/3)eKeff(Ar,£) 
t)=t)(,9) 



where 



Sl 
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It follows that 



i;(EBox(a") 

This gives Coniecture 14.81 

Example 4.11. X = Xi^i i — [C'^/Za], si = 3. The framed mirror curve is 



After a change of variables 
the curve equation becomes 
The B-model pre-potential 



x y ■' + y + 1 + ^xy 3 = 0. 



go = 90 = a;^, gi = 91 > 



902/ ^ +qiy ' + y + 1 = 0. 



1-/ 

rfo,<ii>0 



Let c?o = 3do + o^i a-nd di — di. 

E (-1) ^ raHIvZT • TTTCTTTY^ ■ 

<ioeZ>o,<iieZ>o 3 3 ''•"I- ^\ 3 "t" 

do — dig3Z>o 

Setting xv = -e-^-(L^J+(/+4){f })^ 

^)(^Box(^T) 

where the puUback prepotential qi) in the twisted-sector v is given in Example 14.51 and 

y^^^=l, y^;^£,/(e2-V^/3) = e-y^(l-/)/3^ y^^£ J(g4.v^/3) ^ g2.y=T(l-/)/3^ 

Remark 4.12. The framed mirror curve of an outer brane in K^i^ the crepant resolution of the coarse 
moduli space of ^Yi^i^i, is 

(21) Qx^y-^-^-i +y + 1 -|-%"-'^ = 0, 
or equivalently, 

(22) 2/3/+2 ^ y3/+l ^ ^^3 ^ ^j^2/+l ^ 0. 

Equation ([^^ coincides with Equation (3.19) in fH|. The framed mirror curve of X\,\^\ is 

(23) x^y-^ + ?/ + 1 + gorbxy^ = 0. 

pT|) and ((23)) are equivalent under the following change of B-model coordinates and framing. 

Qorh = q " , X = xq^, / = 3/ + 1. 

The change of coordinates 

(gorb,x) ^ iq~l,xq~l) = ((7,5:) 

is a 3-to-l map, and the inverse map 

{q,x) ^ (q^.xq^) = {qo,h,x) 

is multi- valued. 
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Example 4.13. X = Ao,i_2 = [C^/Zs] x C, si = 1. The framed mirror curve is 
After a change of variables 



xy 



y+l + q^ 'q^ +9i 'y' =0- 



the curve equation becomes 
The B-model superpotential 
logy = 



^ ^ — ^ — i ^ — — i 

qo=qo= X, qi = 91 92 ^ 9i = 9i ' 92 ' > 



9oy + 9iy^ + 92y^ + y + l = 0. 

1^ T ,7 ,7 , 9o 9l 92 



Let do = do: f^i = c^i and d2 = ^2- 



do!di!d2! 



^^^^ dorfo!rfi!rf2! ■ r(/do - ^ + 1) ■ 

(li,d2SZ>o 

i;(EBox(a") 

where the puUback prepotential ^^^'^'''''''■'(a;, 91, 92) in the twisted-sector v is given in Example 14.51 and 

Appendix A. Proof of Equation (IT^ 
The solution to the following exponential polynomial 
(24) 1 - e"' + goe"""' + 91 e"^'"' + • • • + 9fee"^"' = 

at 9o = • • • = 9A; = is indeed obtained by solving a system of GKZ-type Picard-Fuchs equations. The 
issue here is that since we are dealing with orbifolds, the parameters rg, . . . , might be rational numbers. 
We minimize our argument by quoting known results for integer parameters. Consider a system of extended 
charge vectors 



(I 




ro 


~ 1 








• 


• 


1 





-ri 


ri 


- 1 


1 





• 


• 








-r2 


r2 


- 1 





1 


• 


• 










rs 


- 1 








1 • 


• 






j{a)\a=0,...,k 
H )i=l,...,k+2 



\0 -vk Tfc - 1 1 • • • 1 / 
Assume these charge vectors consist of integers, i.e. G Z, a = 0, . . . , /c. As a set of extended charge vectors, 
these charge vectors prescribe a B-model as a threefold 

Y = {{z, w, X, y) e X {C*f,zw = H{x, y, 91, . . . , qk)} 

where H{x, y) = xi + ■ ■ ■ + Xk is given by the following equations 



Define two 2-cycles C^. given by 



Yl^t =1a, a=l,...,fc, 

i=l 

xi = -x''\ X2 = y = e", X3 = 1. 

w — — H{x,y), X = x^,, y = y* 
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This definition involves a choice of and y^^ with H{x^,,y^,) = 0. Define another 2-cycle Cx given by 

w = = Fix{\z\),y{\z\)), x{0)^x, 

x{\z\) — x^, y{\z\) = y*: when \z\ > A for some A > 0, 

The 2-cycle Cx together with x(|z|), as functions in \z\ are regarded as 2-branes wrapping over Cx in 

physics literature [51 H]. These two 2-cycles C* and C* bound a compact 3-cycle T{x), i.e. dT = Cx — C*. We 
denote that the chain integral, which does not depend on the choice of r(a;), to be 

27r« Jr{x) 

Lerche and Mayr [40j show that the 3-chain integral P prescribed by this system of charge vectors are 
annihilated by the following Picard-Fuchs operators {qo — —x) 

Solving these Picard-Fuchs equations VaP = 0, a = 0, . . . , fc 
P — double logarithm terms 

(do,...,dfc)GZ>oxZ|j, 

Notice that Lerche and Mayr do not assume the charge vectors prescribe a toric variety. Their argument 
is completely on the B-model side. On the other hand, the power series part of this three chain integral is 
obtained by solving the spectral curve H{x, y) — 0, as shown by Aganagic and Vafa [5], i.e. 

dx 

V — = logarithm terms + power series part of P. 

X 

Given these charge vectors, the spectral curve equation H(x, y) = is 

1 + e - xe ° + qie ^ + Qke H \- Qke =0. 

Hence the explicit form of the power series part of P implies 

V =V^TT + fk{qi, ■ ■ ■ ,qk) 

+ ^ doW...dkl -W---1k'- 

(do,...,dfc)eZ>oxZ|o 

where f{qi, . . . , qk) is an analytic function with /(O) = 0. After a change of variables 

y=-y' = -e\ v' = v ^ V^tt, x = -{-ly^o^^, 
Qa = (-1)"''°?., a = 1, . . . ,fc, 

the curve equation becomes 

1 - e''' + goe"""' + qie"-'"' +■■■+ fte"'""' = 0, 

The solution becomes 

^ =/.(</!,. ..,*)+ E dold,\...dk\ 

(do,...,dfc)eZ>oxZ|.Q 

Setting go — 0, w'(0, gi, . . . , qk) — /^(gi, • • . , qk) is again the solution to the Equation ([24| in the same form 
with one less variable. Repeating the same argument, we have 

fk-fk-iiq2,...,qk-i)+ d,w....dki ---^^ ■ 
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By induction and the observation that f '(0, . . . , 0) = 0, we have 

E 



d \ . W!...^.! ■ 



(di,...,dfc)#0 

Let 

OO 

^ = 2^ cdo,...,d,go ■■•9fe 

du...,dk=0 
{du...,dk)^0 

be the power series solution to the Equation ([Ml) . We conclude that 

_ {rpdo H h rkdk - l){di+---+dk-i) 

when rg, . . . ,rk G Z. Since Cdo,...^dk is a rational function of tq, . . . , r^, this expression has to be true for all 
complex- valued r^. 
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